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I Lajvan an multifoymg for
finite -dimensional i wfe.\jmble. sYstems



4+ HamilConiang : the tvao(f'tfov\a’ a[JFchL to in'te\.jmbi/fty

A aN-dimengiovia| Hawmiltonian S\/Stem is (L:‘ouxﬁ”e) in‘te\jvaéle,
hc e Possesus N fvxale,Pevdm‘(? conse v ved Zuo.wb.‘i:fe,g P\’) n
fFoicson iw\lolu’tfow, that ie,

{n, Hil=0.
One of the H' can be taken as the Hamiltoniaw of interest M.

This 3"\/9_3 ue the wotion of an iw‘tegmue hie,-rarc‘\y: each H, can
bc, uSecl Azpl'ne. £ o‘ymatwnfco.’ 872t€M eac,h wiﬂ\ 're.S'Pe.ct ’to Qa
time” variable €.



4+ HamilConiang : the tvaa(t'tfov\al aFFYoocl\ to ihtijrabill'ty

W& ‘\&UL /3 ['h'efa'fcl«\/ o‘F COW\MK{'{VQ? Ho«wll',tow{av\ —(-\lowsi

{wJ',HkJ= 0 =>):f9 , © J: 0.
k

C—— ot; ot
Poisson ‘vvo 'u(.'l‘v-'f.'y
of Homi [tonians commutativi't of

vector Liolds

Thig fmFlies Fo.th—im(epe\na(emcg m the multi-time C‘t.,...,tMD space.

Thivlk not of a sr'ng’e ('nteavab'e Q\lsfe,w\, % TOLL(’,OLW&\’
but 010 the emt:"re, l'h'e'fa'rc_hy it r:'ves n. W\LQQ&JL



But how would one cauFtu're fwtegva’ole?hiemmh{es

in  the Lojmm\«}(an fovmalism <



i~ Lajrangu'on multiforms: a wwiational critevion for u'n‘l'e.avabi la'ty

A vm‘l'aft'owaf critevion Lor in‘l’.’t?mloi § ty wae  ntroduced
N [Lobb-Nith—F ’09] i a diserete SztuP.

Whet we weed 13 a collechion of Ladmv{jn'ans L, oassocioted with

Times tk assembled mto a 1~ form central oblecte ' the

N o~ Lﬂdvdvslh\n wmu[tiform thcmn/
1 [1] = > 'iu EQ,] O{tk . (fo'\f Einite -dimensiona |
k= lvytegvoble. syatemg

Heve (l, D(QhotQQ Jev\e.'rl'c Cowcigum‘(:(ov\ Coovdfho:l'es. B\I Z[@J and ufk EQJ,
we wmean that these ?/uant‘ntles ole';ev\d m g and a Finite aumber of
devivatives of ¢ with recpects to the times €i,...p tu.



i Lct?randu'ov\ multiforms: a woviational crvitevion fov u'n‘l'e_Jvabi th

We_ now l’)owe. an &QSOQiath \l]e.hem"'s‘ed QC'&I.DV\ |
ths Teploces the

troditional action

Slg, )= fﬁ[ﬂ _ S[q/]cTszjJ't
v -

wheve T s a4 curve i the multi-time R with coordinates Ty ooy T,
AFPIV(V\j the Jememli&ed vaviotional P'n‘wcl‘Ple, to L \c)(veas the
multi-time Euley- LaJvav{?e, eZUatl'OV\S

ai standord ‘E'uleV—Logvavxse
a_k - a‘bk aa#i‘ = O )/\/b e?/ua'(:"ov\ fov ea.ch oCk
9 Yt

% _ O L({,vamﬁfbv\ coefficient °£‘lz

Qk,/' connp £ de[:evnd on veloeitieg
New Cco-rne_v) 2@.(.‘!’ CH._E for L2k

Euler- Lo-J Y‘Ma e

u]/“&t"w\s 9,& — aif : by 4= I,,,,,N. CoU'tt,a{fe womentum to 9

s the same with Y‘e,SFQc:t'

2 0
%k QItL \_/—‘-E:o all Eimes £,

—




:e2 Lajraag:‘m multiforms: a wwiational cvitevion fov u'n‘l'e.jvabi l;ty

O the solutiong of the multi-time Euler- Lojvavﬁe_ eciluatl'ov\s, We. Tequire
SCg,r = S[y,T]

For all  curves F P e the mulbi-time space..

This !'W\P\i'es the closure velation
e?/ul'm’emt to The
d :i[?,jto =2 a(:k i\] - a‘tJ ik =0 /\" FPorten l.V\\lb\u{;U;‘tl/
& Hawi [toniang

on She”.



i Laﬁran\?fov\ multiforme: a wviational critevion for u'vs'l'e.Jvabi th

These ideas have been extended and illustvated in vavipus other SQ{tu(:g:

continuous Finite- o(imensfov'a‘ s\lsfems

[Su-rt's ’IS-J E Pe’t'rem-gur;s 9?_[-]

Lield theoriee vy 1+ olimensions

ESM»‘S - Vevmeeren 9\6] ES'E’IJL\" ijhb”'Cauva[h'f ’1q 020]
[ Caud ve)iey -Stol’ F‘lto 720 721 ] EPQt"’Wa" Vermeeven 92']
[ Coudrelier Sty PPo\fo ~\icedo ’l'l_]

\Cie_,d Theoriee v 241 olimensions

ESIei?ln - Ni)'[/\of”:- Caudweliev ’2'] E Nf\ihﬂ'pﬁc ,23]

semi ~discrete sYStew:s

ES [Qéjb\' VQ‘T meeY ewn "22.]



Ie there an efficient woy ok dgsuib;wj

all Ude. Lo@r&va{w\ Coe‘cgu'cfen'ts (‘V\ one ‘wa\ula 2-



II  Lre Aia@ebm& and Lax eZuatr'ons



tF Lie dia hcbrag
[ Semeviov - Tian - Shans L\/ ? 83]

Let § be o Lie alge.b'ra with a Lie bracket [ 41, and R:g—¢ be
a linear oD If R ig a solution of the modified classical YaU—Bax‘tex

ect,uatl'ow
LR, RO -R(LRE, YT + [x, rac\r)]) = - [x,Y], Tx,Yes,
Chen the skew-symmetf,‘c bvacket

[x,Y], = L (LR, YT+ [x, RINDJ)

Satc's(-\u'es the jacofo{ fdewtfty avnd de,-(:ﬁ/\e,S o. Second Lie a.‘je,bm
structure on £ We will denote the Co'r'fe.SFomeVlJ [1e al\c}ebm b\/ Ba.

/\wot‘ the same

The pasy (§4584) is colled a Lie al:o\beb‘m‘ as a Lie bialgebm



£ Lie dia hcbmg

We now have ancther set of adjomt and cogdiomt actions, Fer
* J J
VX’Y é g ’ V% eg 9 WwWe Cawn de-ﬁ\'vxe,

wd 2 = TXY), and  (ad FVEDY = -8 (adi-¥) = (0, YD),

We. also have the 'Fo”ow:'vsj uceul ve\h ‘

odoiut action ot gr on g*
J -—
of £a o & Re -R_ =1Id,

LeC By < Im R+ and Xe =Ry (X) fov Xég. One con show that
Lovr any elewment Xe £ mwe have. o unl'zue, dac.om,aosit-'on as

X = Re(Xx)-R-(X) = X, -%_,



tF Lie dia Ide.bmg
Let us denote by Gp Tthe Lie group associated with the Lie a[je,bva

o+ The homomorphismg R Sfue, rige to Lie group homommphfsms,
which allow us to define the multEPlfca{'{ow . in G as

3"’“"’ = (31-93-) .“(hul"—) - (ﬁ+,’1+93—h—>9 ’VLf)eh € Gr s
wheve Sthi‘ denotes the Frooluc_'t' m G,

We have a new set of ad\jofnt avd. CDC‘OSOM‘,: dcb‘ows, Ehose. of
Ga on gka"‘d gt which we can dencte in the -PoHowfvlﬂ ugeful W&\f:

Adg'x = Ad3+'>(+ "‘Ada,‘x_, OV\d

Adg*ﬁf = Rt (Ma.,.'%)"Rt CAcl\a]_'?J ; Af Xe& &, ’i}eg*, 36642.



tt Lie-Poiscon bracket and cOad\)‘oM‘l' orbits

Usfvg the second L.‘e bfacke,t on g, we cawn A.Q-Cflne o ao(d.'tfowal
Lie- POfSSon bracket on g*, 'Fof -C,a € Cw(gé‘) and §6g*9

{#,3}'&(%} , LY£(%), Vg Lﬁ.)]&>.7

the o'rl\‘gl'waf Li'e - Pors¢ewr bvacket own é*-reaa{s

"%t;"::‘fz‘tfvg cie)tzwzig; X) {\033} Cc{) = (f{, C v+ U'cf), V.ﬁ C‘:ﬂ])

Tte symplectic leaves ove the copdipivit orbite of Go in g¥,
1P 3 3

We need one Fmal (vﬁ'red?em‘t'i on AJ -invariant novxdeﬁo_v\em'l'e,
s\lmme,tru‘c bilineor Lovm < ) > on 8

allows the idewtificotion of $* with g
ond of the c.oaob'ou'wt actione with

the QdJOM‘L' actions



£ Quick oside: Lax [Do.l'-rs

A Lax Pa{r L,M COVIstf'S 0'p two Mat'ru'ce,s -'(uvxc'bbvxs 0w
‘tlf\e, Plaage. sFace, o(: ‘UAQ, Svstem - Suc,"\ U\a\t ’Uf\e_ e.cbua‘tl'ovss
of motion of the s«lsf.’e.vn con be written as

L contains all
AL - EM) LM :'wporwujobv\ ov
dt ) the iibial dota
Mis a Lunc‘l:(ov}
of L

SFec‘tval mvariants of L ave :'nte_\c]valg oF  motion.



3\:\: .[nvolu‘t-'vit\, tkeoro.m avwl L.O.x ullu.ations

The Ad™ imaviant functions on g* ave m nvolution with ‘f'e.sPec.JC

Yo i 9 }pg The e,cl/ua'tn'ow of motion /k’ thece Function ave
Rimply Cogivwiv Lunctriong
.Q(.. L = {Ls H}g
dt

with respect to QL ,}

induced by an Ad*-iwariadt Lunction H on g* takes the
Lol\owhﬁ e%u;vale_vx'(? fovmg, Fov an achitrary Lég%9

4_ L = “d;:cq ‘L= ../_ adiku) L= ad :'iVH(L)' L .rz‘
dt 2 t(s'mg
(q} would have
Jrven Erivia |
ea,ua‘tiov\s



ys" .[wvolu‘t-'vittf theovem and Lax etiluations

The A4 -invariant novxdeﬁo_v\em'l'e, s\Iw\w\e,trfc, bilinear Lovm < o
on g allows us to vewrite the last ewua‘fion in the fovm of
& Lox eal/uatiow

d L =[R.wH(, L].
dt

Sey the wnotural avena to define ouv
Phage, Spoce 1S a coaob'oin’c orbit of Gg
. ¥

4 g ” g Tag‘(w\}\!ou’
2

MLQQ&J e

this s wheve the
Lax matvix L [ives



T SPecc‘al case | the Adlev- Kostaut —Syw\es scheme,
[ Adler 7€) . \:Syw\es 7271, [ Kogtont *74]

One \7e‘fs the well-kvown Ad|ev—Kosfan'(‘.'—Symeg scheme, b\, -Fixiwﬂ N
€o be in gaf.

This choice 7esults on’7 the Sub\?«rouP G- in Ge =G, xGo Flar'ﬂ&

a vole since
L= A1 = -RY (Ade.-\).

Thus, the Qoatijoiht orbit OA lies in gf



On to the multi-time stmf\/ now.,



’ﬁ: COMFafi[ole, tu'me 'HOWQ

For amf two Aotv-'l'r\\l(x\riant 'Fulnd',l'ov\s H, anad Hy on g*, we have
{(Hl, HZ}& = O.

This means Tthat 1§ we hpve o cubficiont nuwmbev oF such t'nolaPQ,vndevrt

pUnc‘tfonS, we Cwn Aepl'v\e COW\?a‘tible time FIowQ assom'afe_o[ w5’U4 /]

Pam‘n 'y 0{“ Ad¥—invarEant -puv\c:b’ons Hk, kzl,..., N,

We thew obtain an M’teJmHe hu'eYavcky with eol/m‘b'ov\s i Lox Fovm

aekl_ = ]:RtVH,((_L’)’L_]9 k=f,...,N,



L] Constmc_f:'va Lmjfav\\ja'an multiforms on c,oosoi]'oi'v\t orbits



£ The genera| Logvongan wmyltiform
N g
[ Coudveliex~ De [|’Atti - Siagh °23 ]

We iaCroduce the Loﬁmwjn'av\ 1-Fovm
Lrel=2 L, d, - Klel-Jorel

W\"UI k{ne‘t;c [:a‘(t

Kiel= = (Ly2, @2 € ) dt,, L=Adg D, ey,

| I—

amol ,)otevx‘t.‘al (Da.‘f‘t ~C|'xa.d non-i»’am.‘cal elament ot g*
ole-‘:u'm'ng the Phase. SPace OA

N

JQ[_‘-Q]= 2 Hh CL) D{tk . Lreld c_on'ba-’m'nj the

3 [

alyvmwn'cd Azﬁfaes of
\ freedom of the sys'tuq
Ad*-

invoriont
Functions He e CO(£%)



t Eulev- La&mvz e,?/uod‘w'or\s = Lax eiuations // Result |
[Co.ud're“ex- De“’/-\t‘ti ~ Sl’ﬂﬂk 9?.?)_—_l

OV\ cOngt’deﬂ'V\J the vaviation a(: the Lagvav\d:ay\ 1-fovm ,(f’
we cam devive the Eulev -La\l)vavgc, eith{ons which take the form

&

atkl— b 'Z od aguecy 'L kely .o yN .

Tl/\e.V\, ow t'de,v\‘ta'pyfw& g* with € avd ad*wé'th ad, we Oe.t
9, L= [Reviw, tf, ke,

which s exac‘t|7 the Lax e?luq-tiom associated with the Lox matwix L.



’ﬁ: Closuve telation // Result II
[Co.ud're“ex- De“’/-\t‘ti ~ Sl’ﬂﬂk 9?.?)_—_l

Next, we establch the closure velation for the Loowraﬁfam 1- forrm
fa 9 U/\oit ;S,

dl =0 | on shell,
or eztluiualen‘fly,
aeJ-.Zk - 9{-* i\, =0 ’ on Sl\e”.

This is o congeguence of the Ad*- mvaviance of H and the fact
that R is a solution of the modified CYBE.



tt Closuce velotion and Foiston "vWO‘U'tr'w't\/ //chult [11
[Co.udw.“m~ De [|’Att: - Sl'vxﬂh 923]

Furthev, for the Layvav\\«)fm [ ~forme n this clags, we can prove

oy _%_ = {Hk,sz =0, on shell,
atL 9(‘4 R

O(emonstmtu'ng the covmection between the cloture velation
Co'v LO.JVM\J fav; I"Lovms am{ 'tLe l.nvo,q'b'u\'f\/ O'F Haw;{’tom'ang,

This &, in '(:ac:t, A corrollavy of a de_e.[)ef sCvuctuval vesult

voved 1n [Caudve_[fvr-— De[[’At’Cf ~ Sinah 923:] .
P J Porst established

n ES-AV‘\.S ’13:]



[V Lajv’an\jl’an multf'FO'fm -po‘r 'U'\e mt:‘ona[ Gauclt'n Moole.\



£ Gaudin models

Gaud?n vnbdels are @ \7@\270\ C'IaSS oﬁ r'ntejvablc SYS'('QWIQ
aseociated with cl,uad'm‘tic Lie alaefovas. Lie a'\tjelovas with a
\/nondejqnerate invavignt
bilinear fovm

Fivet introduced m the ?/uav;'tum Finite- dimensional Se’CuP
fo deSev ) be. imn'tum %Pn'n dw'ns.
I Goudiv ’76’_\

Various Seme\rahsaf(ons ave known —co'rve_gromdin\zj to both Limbe- and
imfinite- dimensional al\jebros; and with rational, elliptic,
skew-stmetwic and non - skew- Qymme.t'n'c v~ maErices.

A l0~'f\9e, clagg O‘C V\on—ul‘tm[ocf.\‘ t'V\te voble_ Pl'cld theories l'lawe been shown

to be 'ret'wte'r])'ref,'o.tfoms of claseica] dihedral affine Gaudin models.
[VfCedo ’l?]



tt  Rationel Gaudin model

The Lax motvix of a wro.‘t'l'onal Gaudin mode] associoted with
0. F{vﬁte. Lie alae.bm g anod a set of Poa‘n't's S,é‘,c (v= l,..., N)
ond €he Point ot fmcl'nity 1S jf‘ven b\/

N

L(MY = 3 X 4 Xy Kipoooy Xy Xu €8

Vel A-FY
</\‘ é-vafue.al rotional

Lunction v vovizble A

with the cowreQPoV\dn'mg L ox e.c]/ua‘bbns

Opr Xg = EXr,Xs—J , SET
?v 'fs

Or Xy= =2 [XryXe] _ [Xe,Xa), O %o = 0.
| e ‘f\-"‘f& |



tt  Rationel Gaudin model

The ?/uao(ratt'c Goudin  Hami [tonians are \cic'uen as

Hr :Z Tr (Xs Xs) + T (X Xm}, v=l,..9 N,
S#v
\g'r"-gs

desevibeg Ioma—ran e
sf»i "~ ef{n mbevacktiow




ﬁ: Al Je.brac'c, SefuP

We need to choogse a Suitable Lie a‘debm and a linear mop
'/"'row\ the Lie abe.bva to itself.

Let wus -pfx these becowe the

/\) fl e Mmode
o {5 Son] < oo paghe
o finte set of Po.'nts in P’ l'mcludl‘v:? the Poin’t ot .'n.P;n;{7,
and an index get S= QI,,..,N’mJ.

Denote by
,ja the a(ﬂebm of g—valued votional Lunckion
in the fovmal vaviable A with Foleg m Q. wthis ¢ wheve the

Lox wmatyix liveg

Defive the locol Po.YametefS' Ae = A-C,, S #E , ond Ax=_L |
A



2\:\: Al Je.bmc'c, SefuP

De-(:n'ne, the direct sSuwm of Lie aloebms

ga:@gv

ves the Lie al gelo'ra

wheve we will work with

g = £ C(A)

s the abe,[om of formal Laurent sevies i variable A, with

coefficients in g , and Lie brocket

[X(\:a Yf\'rj-] = EX,Y] /\-{hj, X,Y éé.

oo
elewments o‘p éﬂ ove 'b.«Ples
(7(!(‘\'1) 9cer 9 XNC(’\N’), Xﬁ((\(#})
with x"”.,YN’X"Qeg



t+ Al Je.bmc'c, SefuP

We con define a vector space de_cOvv\Pos}'b'ov\ oc §& mte Lie

subabebms | o
N N 0% N te b
- D we will denofe +
ga éa"' ia_:/’ the ond'ec{'ovs 7
| N detovimined b this
wi€h gai- fi‘% gvi dp_cowposffr'o,,l !
wheve, ~ o\\je_favos mf 'Fofmo‘

gr4: g@ £ [[/\"']:l ° v X , \/-‘Ta\{lo-f sevies M AT

o aloebwg of forwal Taylor geviee
8054- - g ® {\A ¢ [[,\04]:[ ) o'v&\ Ao without the Iovmd'an't terwm

¢}
v\d_ alaebm of Po[yv\ow'a\s ) {\f‘-l

N\ - -
gr-: g®,\f£[,\f ] ’ TER ) T without the constant tevm

(go&,_: g@ C [/\o;] . /_\_’ &l\(j‘ebva of po IYVIOWH'a\Q " /\o;l



3\:\: Al Je.brac'c. SefuP
‘:urthewr, we have aw embedol:'vn of Lie a[\(}ebras

Lot %(g) — 8oy f— Centy -ovy tan LAN)C)

_ —— mops Fed (§) to the
‘tuP le of its Lauvent
expams:om at Pom'tg

§|9 fN,&

which  induces the wvector Space d&ccw\pos{tfov;
§a = Sar @ c,,‘/:\;t@Cg),

We will devote by Tf+ te Prodecfors corre_sPomo(ma to thg dQ_COWTOSVl:lon
ot the A/\J

same g P+

The v-wmatvixy we need (g
e will uce it 4o eguip

R _n_ T[ /\)éa Wltl‘\ o d» a\oebva S‘&VUC'EQVQ_
= + = -,



t+ Al Je.bm:'c, SefuP

To io{en‘thc" the dual Srace T 6/\3@(99 we will uge the

V\bV\o(CjQV\efa'te, (vwaw'avrt' s\fW\W\e't'w'c bilt‘meav ‘Fo\rm own g,
CX,Y) —> T'r(XY>,
n
to define o nomo(equem‘te, cwvoviavt s\ImmAe't'w'c_ bilinear fovm on 8a

<§(,Y> = Z_ Res T (X'r ((\'V')Yv Cl\'r’>>,

TE,S szo

w'f\icl’\ fmduces ‘U\e. decowx‘)osi‘t\'own

IAY g 2 o~ ~~ 1 o~ 1
ga* = éa-@g&t Q"éeu D ga- .



i+ Al Je.bm(c, SefuP

Both g& . ond ¢ da(g) are (ma)umall) isotropic to this bilinear forim,
which allows ue €o moke €the rdem‘hﬁco‘hov\

elemevity of Ehis o
ave those we ga+ = Ca Iy'acg) .
need to work with

SO, coaolJ'oim’t ovbits of Ggs in gat will be the Plf\aSe_ space
wheve the Lax matvix of [ the wwodel [ives and wheve we will
desevibe 1ts 0\7MM\'QS.

e,‘elmwts o-F Ga+ ove 0'(" 'U'le, ‘povw,
= (&, DY,... y @y CA)y @y (/\w))

A
with @rs C(\v)"' Z Cb-rc“) (\-rv‘
n<=o0

ot m) 2 1
awnd wdé{-((‘v); 1+ﬂ%d)o§ An



T+ Al Je.brac'c. SefuP
The coad\joimt orbit of an dement ¢4 f 6%2: 'S Sive.v\ b‘f

R¥%
L’\F = Aolw . LA'F- /\. Sihee we are
loo k\'vxa ot aw

= RY (AAL )
Q.lQ.\N\QMt ’?V'owu
= Rf_ A ‘C,\:F . Qe.].-]) & Subspoce of
= . . -~ the dual owl
n'\ CCQ+ CATF Ced-) ovne COYTQSPOZ\A;“\%
wl/lere we l/]o\ue_ m& tlAQ, "de-"'tl"F:CD\‘b‘oﬂ R* - “— Sulogvo‘uP F‘O\"g a
* ’ -ro(e. N the

coMl\J'ofn‘t otbit

gc), we are wvow «Yea~o\\[ wi'tl’\ ony Se{'u? |.



t Lax matrix

Choosge N

A(,\);Z N, L, N, (2 S
Y= [\’,gv

ond cowga'de.'v its elmbeo(du'm\cl mto ga

Ly A ()= (,,\<Z 0. +_(L> ¢ LA%QCg) ﬁg;;,

vz ,\’,gv

(9%
The orbit of A A under the cow&jofwt action of Ga+ will be

/_\_' containg the

Lal = M- ( @, - L,\A ' CQ{-—l) dtlmamfc&\ de_\cjveeg
N o€ £veedom
A,r: CD,(MA CpT(‘o)"l = (,,\ <Z. Av + Q) . 'C"Yeol "‘OV\—OLIV\&M"C«'
' element

\)(\’ﬁv



yu s Laaran\jl'an multiform fov the ~vational Gaudm mode]
[Co.ud-re.[l'mv— De\[’At’CE ~ vaxﬁl') 923]

We can now write down the Gaudin multiform on the orbit of A (),
with the elements tal 4

=== L. dtr,

k=1 TES
veetrichon of
W;t,/l Hk,\r ‘tb LAL

*Lk v =Z- Reg Tr CL,\S L 9{7’: Cps.,.(l\g> CQ3+C(\S)-I> - Hh,‘r CL;\L).

) ses (\S =0

U’)ovx wa\,)l.lﬁfCoiel'OV), 'tlw_ Laﬂmn\a){am Cochl'cfe.V\'ts t'ako_ ‘eble_ Fofw)

Ikﬂ = > Tr (Ag 4%-'9—(:,;' ¢S> - ka (_L,\L).
sz
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